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For the full text of this licence, please go to: http://creativecommons.org/licenses/by-nc-nd/2.5/ For rotational or angular vibrations, a non-contact transducer capable of measuring directly from any location on a structure, especially a rotor, would be a valuable asset and LDV offers this possibility. A variety of optical configurations have been proposed for angular vibration measurement on non-rotating structures. These include angular measurements derived from differential measurements [2] , measurement of the change in position of a reflected laser beam [3] and continuously scanning regimes [4] .
A parallel beam arrangement has been developed [5] and is available commercially for torsional vibration measurement on rotors. Torsional vibrations are often a source of problems in rotating machinery and can result in increased component wear, shaft cracking and fatigue.
This parallel beam arrangement can also be used for measurement of other angular vibration components, either on rotating or non-rotating structures. One example application would be measurement of bending vibrations in the crankshafts of automotive engines which are thought to be linked with engine "rumble" [6] , an unpleasant noise heard during acceleration.
An investigation of the velocity sensed by a single laser beam incident on a rotating shaft vibrating in all six degrees-of-freedom [7] revealed that the measured velocity is made up of six separate vibration "sets", each a combination of motion parameters. Using a single laser vibrometer it is possible to isolate the translational vibration "sets" (two radial and one axial) but it was shown not to be possible to isolate the three rotational vibration "sets", those including torsional and bending vibration. This paper extends this first analysis by concentrating on multiple laser beam configurations that enable the rotational vibration "sets" to be measured. The particular usefulness of parallel beam arrangements is demonstrated and a concise, new theory is given to describe the difference velocity sensitivity for such an arrangement. The results of this analysis offer the engineer a valuable tool for defining the velocity sensed in any proposed measurement configuration.
Previous experience with LDV measurements made on rotors has highlighted how measurements can be ambiguous, affected by rotational vibration components perpendicular to the component it is intended to measure. Earlier studies have acknowledged crosssensitivities in torsional vibration measurements [8] for simplified target motions and the theory here confirms the conclusions of these earlier studies but additionally shows the effects of all vibration components of the arbitrary motion.
Measurements are then made on the crankshaft of a running diesel engine with the intention of resolving pitch and yaw vibration from simultaneous measurements which individually show cross-sensitivity to pitch in an intended yaw measurement and vice-versa. Using a postprocessing technique, initially developed to resolve the cross-sensitivity in radial vibration measurements [9] , these measurements are processed to give unambiguous estimation of nonsynchronous pitch and yaw vibration.
TOTAL DIFFERENCE VELOCITY MEASURED BY PAIRS OF LASER BEAMS

VELOCITY MEASURED BY A SINGLE LASER BEAM INCIDENT ON A ROTATING SHAFT
A thorough analysis of this case has been presented previously [7] . As shown in Figure 1 , the case considered is that of a rotating shaft, which can have arbitrary shape, undergoing an arbitrary vibration requiring three translational and three rotational co-ordinates for description. If the illuminated axial element of the shaft can be assumed to be rigid, the velocity measured by a laser beam, orientated according to the angles α β and (refer to Figure 2 ) and incident on a rotating shaft, is given by: This is an important result because it shows that, however a laser beam is aligned, only the combinations of motion parameters within the square brackets can be measured directly.
Throughout the remainder of the discussion, the six vibration sets in equation (1) will be referred to by the vibration parameter in each group that might be regarded as the intended measurement. These are, in the order that they are written above in equation (1), the x radial, y radial, axial, pitch and yaw vibration sets and the rotation speed set which includes torsional vibration.
Equation ( and .
Values for these geometric coefficients can be found that enable the radial and axial vibration sets to be isolated and this was set out in a preceding publication [7] . Isolation of the rotational vibration sets requires the geometric coefficients of the three translational vibration sets to equal zero i.e. cos cos cos sin sin β α β α β = = = 0 , to which there is no solution. This means that none of the rotational vibration sets can be isolated using a single laser beam.
MEASUREMENT OF ROTATIONAL VIBRATION SETS USING MULTIPLE LASER BEAMS
The next logical step to take in attempting to measure the rotational vibration sets is to use two laser beams. In this section the particular usefulness of a pair of parallel beams will be demonstrated. In an interferometer it is the difference velocity that can be obtained most conveniently by heterodyning and so it is the difference velocity that will be analysed in this section. A sum velocity could effectively be obtained by re-orientating one of the incident beams by 180° and so, by examining the difference velocity for arbitrarily orientated beams, all possible eventualities can be explored. Using equation (1) where the subscripts 'm1' and 'm2' for the geometric parameters denote the particular beam.
At this stage it can be noted that, in measurement circumstances where it is not possible to assume that the shaft is rigid between the axial elements probed by each beam, the approach to describe the difference in the velocity measured by the two beams would be also to denote the vibration sets in equation (1) according to the particular beam. Such a situation might be where one beam is incident on a vibrating turbine blade and the second is incident on the relatively rigid disc to which the blades are fixed.
Returning to the situation described by equation (2) and the issue of isolating one of the six vibration sets, it is necessary to choose geometric parameters that make the coefficients of the remaining vibration sets equal to zero while having a non-zero coefficient for the desired set.
To measure one of the rotational vibration sets successfully, the coefficients of the radial and axial vibration sets must always be zero. Solving the following three simultaneous equations: . Geometrically these solutions equate to the beams being parallel and oriented in the same direction for the differential measurement or in opposite directions for a sum velocity derivation. In this latter case, the beams would be incident on opposite sides of the shaft which would usually make for an inconvenient optical arrangement. In either case, it can be concluded that to make a measurement immune to both axial and radial vibrations, parallel beams are required. For this reason, this paper will concentrate on the use of parallel beams. In practice it is possible to use two separate interferometers and obtain the difference in outputs electronically [10] or to combine beams and find the difference velocity optically as in the first arrangement proposed for torsional vibration measurement, the Laser Torsional Vibrometer (LTV) [5] .
Cross-beam arrangements have been popular in the past for torsional vibration measurement [11] and they have also been used to determine the centre of rotation of rotating objects [12] .
They differ from the arrangements described here in the method of light collection but the vibration sets to which measurements are sensitive can be investigated using the theory presented in this paper by considering the difference in velocity measured by two single laser beams at an angle to one another, with the light scattered from each incident point collected in direct back-scatter. Figure 3 shows the comparable arrangement of the beams for a torsional vibration measurement with both beams lying in the xy plane. Using equation (2) the difference in the velocity measured by the two single beams is:
where α is the half-angle between the two beams and the intersection of the beams at ( )
, , is considered as the known point for both beams. As expected, the velocity measured includes radial, axial, pitch and yaw components in addition to the desired torsional vibration component. The recognised sensitivity to V y provided much of the motivation for the development of the LTV. It is interesting to note that in this configuration it is not necessary for the beams to cross on the target surface for equation (4) In the next section the difference velocity measured by a pair of parallel laser beams with arbitrary orientation and incident on a shaft undergoing arbitrary motion will be examined.
CONCISE THEORY FOR THE DIFFERENCE VELOCITY MEASURED BY A PAIR OF PARALLEL LASER BEAMS
The versatile approach developed previously [7] relied on the observation that although the point of incidence of the laser beam on the target might change position in space, it would always lie somewhere along the line of the beam itself. This simplified prediction of the vibrometer velocity sensitivity significantly compared to previous analyses and led to the derivation of equation (1) from which equation (2) followed. The same approach will be applied to this two beam arrangement, even though it is possible to manipulate equation (2) ( )
As the shaft vibrates and rotates the positions of the points of incidence, not only on the target but also in space, will change continuously especially if the target has a non-circular crosssection. As Figure 4 shows, the changed positions of the incident points at any arbitrary instant of time are now written as: Assuming that  ω is maintained across the probed region (i.e. the shaft remains rigid across the probed region), by substituting equations (6a&b) into equations (5a&b), the difference velocity measured between the two beams is:
Inspection of equation (7) shows that the second scalar triple product can be re-arranged to
ω   which will always be zero, revealing that the measurement is always insensitive to any variation in the shape of the shaft. (Note that "shape" variation, as used in this paper, refers to variations in shaft dimensions and not to any dynamic shape variation). Equation (7) also demonstrates the immunity to translational motion offered by the parallel beam arrangement. The first scalar triple product in equation (7) 
In order to make equation (8) Angular velocity can also be expanded into its components [7] :
which accounts for the change in direction of the shaft spin axis as the shaft tilts. Substituting equations (9a,b&d) into equation (8) and are the frequency shifts in beams one and two respectively. The shifts enable direction discrimination in the measured difference velocity.
For brevity, the analysis will continue with acknowledgement of the ability to discriminate direction but without explicit inclusion of the shifts.
Isolation of the rotation speed set requires β γ π = = 0 2 and so that:
This shows that in order to make measurements of rotation speed, including torsional vibration, with immunity to other angular vibrations, the beams must be orientated perpendicular to the shaft rotation axis at any angle α . A previous study [8] 
Note the sensitivity to both pitch and yaw in both of these outputs. This is an important problem that can only be addressed by post-processing the outputs and this is described in section 4.2.
MEASUREMENTS USING MULTIPLE PAIRS OF PARALLEL LASER BEAMS
In many practical situations access to the shaft is restricted and it is not physically possible to align the beams at the angles set out in the previous section to isolate the required vibration set. The requirement for just one or two distinct values of α β or , rather than the possibility to measure at any orientation is very restrictive. For example, with this restriction, measurement of unambiguous rotation speed cannot be achieved from the end faces of the shaft which are often the only areas of access. An alternative optical arrangement capable of measuring the shaft rotation speed, pitch and yaw vibration sets from a variety of angles is, therefore, desirable. Section 2.2 concluded that the most sensible optical arrangement to use was a pair of parallel beams so that the measurement is immune to the axial and radial vibration sets. Therefore, it seems natural to consider using pairs of parallel beams in the search for a more versatile method of measuring the rotational vibration sets. In order to simplify the task, pairs of beams with equal separations will be considered. The theory presented in this paper has enabled all of the possible, useful geometric arrangements to be identified. These include the single arrangement used in a previous study of torsional and bending vibration measurement [8] in which two laser torsional vibrometers were used to assess bending vibration on a diesel engine crankshaft. In this previous study, simultaneous measurement of the yaw and rotation speed sets gave an indication of the bending motion of the crankshaft but resolution of the individual pitch and yaw motion was not possible. Resolution would first require simultaneous measurement of the pitch and yaw vibration sets followed by application of a technique developed to resolve individual vibration components in the similar area of radial vibration measurement [9] . This resolution process is also well suited to application to the bending vibration measurements and it is outlined in the following section.
MEASUREMENT OF BENDING VIBRATION AND RESOLUTION OF PITCH AND YAW MOTIONS
PITCH & YAW METER
In order to make simultaneous measurements of pitch and yaw vibration, eliminating the rotation speed set, a novel optical configuration was devised. The configuration shares basic features with the laser tiltmeter [2] and Figure 7 shows the beam arrangement which is designed for use on the end face of a shaft and incorporates three parallel laser beams. The beams are aligned with the shaft spin axis and the angular vibration derived by using interferometers to subtract optically the velocity measured by beams 1 and 2 for the pitch vibration set and beams 1 and 3 for the yaw vibration set.
RESOLUTION OF VIBROMETER OUTPUTS
From equations (12a&b), simultaneous measurements of the pitch, 
It is possible to manipulate equations (14a&b) to give the genuine angular vibration velocities Further work is in progress to improve the estimates of   θ θ
x and y for the case where Ω is not constant, for example, when a system has significant torsional vibration or during run-up and run-down.
EXPERIMENTAL VERIFICATION
An extensive verification of equations (14a&b) has already been reported [14] In the non-rotating tests, the outputs from the pitch and yaw meter are straightforward to interpret and so these measurements give an indication of the genuine differences between the different points on the structure at which the laser based and accelerometer measurements were taken. In the rotating tests, the laser instrument outputs need to be post-processed with agreement between the measurements now acting as validation of the theory leading to equations (14a&b) and the post-processing method itself.
The resolved data from the rotating tests show good agreement with those from the nonrotating tests with the differences attributed to genuine differences between the vibration response of the rotor assembly when rotating and not rotating. It is, of course, the very existence of these genuine differences that is the motivation behind the development of techniques for measurement directly from the rotor. It should be emphasised that the 
DIESEL ENGINE CRANKSHAFT VIBRATION
The pitch and yaw meter was aligned parallel to the crankshaft rotation axis of a four cylinder two litre diesel engine and incident on the end face of the crankshaft pulley to provide simultaneous measurements of the pitch and yaw vibration sets. In addition a LTV was used to measure the crankshaft rotation speed. The beams of the LTV were aligned as close to perpendicular to the rotation axis as access would allow to eliminate the sensitivity of that measurement to bending vibration.
Figures 10a&b show waterfall plots of the resolved crankshaft pitch and yaw vibration respectively across a range of engines speeds, obtained by varying engine load while maintaining wide open throttle. The broad peak in Figure 10a around 450Hz corresponds to the first bending mode of the crankshaft confirmed using modal testing of the stationary crankshaft [8] . These are the first known resolved measurements of crankshaft pitch and yaw to be taken on a running engine by non-contact means and without modification to the crankshaft.
CONCLUSIONS
This paper has presented the first comprehensive theory to describe the velocity sensed by multiple laser beams incident on a rotating structure requiring three translational and three rotational co-ordinates to describe its vibratory motion fully. The theory is equally applicable to measurements on targets with simpler motions such as non-rotating targets, allowing the vibration engineer to determine the vibration component sensitivity for any measurement with any arrangement of beams.
Six separate vibration sets, each a combination of motion parameters, were identified in a previous study of vibration velocity sensitivity [7] which concluded that only the translational vibration sets could be isolated using a single laser beam. This paper extends this theory to include multiple beam arrangements which can isolate the rotational vibration sets and highlights the usefulness of parallel beam arrangements, demonstrating their insensitivity to the translational vibration sets. A concise new theory describing the difference velocity sensitivity for two parallel laser beams was presented and the geometric set-ups for measurement of the pitch, yaw and rotation speed sets established. A full range of versatile arrangements using two pairs of parallel beams was also presented as an alternative means to measure the pitch, yaw and rotation speed sets.
Resolution of individual motion components within each vibration set has been shown not to be possible by any arrangement of laser beams [7] so the use of a post-processing technique originally developed to resolve steady state, non-synchronous radial measurements [9] was extended to this application. This enabled the genuine pitch and yaw vibrations to be Orientation of laser beam, defining incident angles α and β. 
